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(1.1) $\frac{\partial u}{\partial i}=\frac{1}{2}\frac{\partial^{2}}{\partial x^{2}}(V(X)u)-\frac{\partial}{\partial x}(M(x)u)$ $(t>0,0<x<1)$ ,
$V(x)= \frac{x(1-x)}{2N},$ $M(x)$
$x$ $N\in\{1,2,3, \cdots\}$ effective population number
$M(x)$ Crow-Kimura (1.1) (cf. [2]).
$M(x)$ Y (1.1)
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2.
2.1. $n$ $C^{n+1}$ $u(t, x)$
$u(t+h, x+k)= \sum_{\nu=0}^{n}\frac{1}{\nu!}(h\frac{\partial}{\partial t}+k\frac{\partial}{\partial x})^{\nu}u(t, x)$
(2.1)
$+ \int_{0}^{1}\frac{(1-\theta)^{n}}{n!}(h\frac{\partial}{\partial t}+k\frac{\partial}{\partial x})^{n+}1u(t+\theta h, x+\theta k)d\theta$ ,
2.1
$A$
(2.4) $Au= \frac{1}{2}\frac{\partial^{2}}{\partial x^{2}}(V(X)u)-\frac{\partial}{\partial x}(M(X)u)$ ,
(2.4) $(cf.$ ,
for example, [2] $)$ . Mendelian population 2
$\alpha_{1}$ $\alpha_{2}$ $\alpha_{1}$ $u(t, x)$
$\partial u$
$\overline{\partial t}$
(2.5) -=Au$ in $(0, NT)\cross(0,1)$ .
$T$
22.
(2.6) $a(x)= \frac{x(1-x)}{2}$ , $b(x)= \frac{1-2x}{2}-NM(x)$ , $c(x)=-NM’(x)$ ,
$B$
(2.7) $B= \frac{1}{2}a(x)\frac{\partial^{2}}{\partial x^{2}}+b(x)\frac{\partial}{\partial x}+c(x)$ .
$v(t, x)$
$\partial v$
(2.8) $-=Bv$ in $(0, T)\cross(0,1)$
$\overline{\partial l}$
(2.9) $u(t, x)= \exp(_{-}\frac{t}{2N})v(\frac{t}{N}, X)$
(2.5)
22
22 (2.5) (2.8) (2.8) (2.5)
Y (2.9) fixation term $\exp(-t/2N)$ $\text{ }$
time scale
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2.3. $u(t, x)\in C^{4}([0, \infty)\cross[0,1])$
$\partial u$
$\overline{\partial t}$
(2.10) – $=Bu$ $(t>0,0<x<1)$ .
$0<h\ll 1,0\leq x\pm\sqrt{a(x)}h\leq 1,0\leq x+b(x)h^{2}\leq 1$
$t-h^{2}\geq 0$
(2.11) $u(t, x)=Lu(t, X)-h^{4}Ru(t, X)$
$Lu(t, X)$
(2.12)
$= \frac{1}{6}u(t, x+\sqrt{a(x)}h)+\frac{1}{6}u(t, x-\sqrt{a(x)}h)$
$+ \frac{1}{3}u(t, x+b(x)h^{2})+\frac{1}{3}u(t-h^{2}, X)+\frac{h^{2}}{3}c(x)u(t, X)$
$Ru(t, X)$
(2.13)
$= \frac{1}{3}\int_{0}^{1}\{\frac{a^{2}(x)(1-\theta)^{3}}{12}(\frac{\partial^{4}u}{\partial x^{4}}(t, x+\sqrt{a(x)}\theta h)+\frac{\partial^{4}u}{\partial x^{4}}(t, x-\sqrt{a(x)}\theta h))$
$+b^{2}(X)(1- \theta)\frac{\partial^{2}u}{\partial x^{2}}(t, x+b(X)\theta h^{2})+(1-\theta)\frac{\partial^{2}u}{\partial t^{2}}(t-\theta h2, X)\}d\theta$ .
. (2.1)
$u(t, x\pm\sqrt{a(x)}h)$
$=u(t, x) \pm ha^{1/2}(X)\frac{\partial u}{\partial x}(t, x)$
(2.14)
$+ \frac{h^{2}}{2}a(_{X})\frac{\partial^{2}u}{\partial x^{2}}(t, X)\pm\frac{h^{3}}{6}a3/2(X)\frac{\partial^{3}u}{\partial x^{3}}(t, X)$
$+ \frac{h^{4}}{6}a^{2}(x)\int_{0}^{1}(1-\theta)^{3_{\frac{\partial^{4}u}{\partial x^{4}}}}(t, x\pm\theta\sqrt{a(x)}h)d\theta$ .
$\frac{1}{2}u(t, x+\sqrt{a(x)}h)+\frac{1}{2}u(t, x-\sqrt{a(x)}h)$
(2.15) $=u(t, x)+ \frac{h^{2}}{2}a(x)\frac{\partial^{2}u}{\partial x^{2}}(i, X)$





(2.16) $=u(t, X)+h2b(X)\overline{\partial_{X}}(t, X)$
$+h^{4}b^{2}(x) \int_{0}^{1}(1-\theta)\frac{\partial^{2}u}{\partial x^{2}}(t, x+\theta b(x)h^{2})d\theta$
$u(t-h^{2}, x)$
(2.17)
$=u(t, x)-h^{2} \frac{\partial u}{\partial t}(t, X)$
$+h^{4} \int_{0}^{1}(1-\theta)\frac{\partial^{2}u}{\partial t^{2}}(t-\theta h^{2}, X)d\theta$ .




$\frac{1}{2}u(t, x+\sqrt{a(x)}h)+\frac{1}{2}u(t, x-\sqrt{a(x)}h)+u(t, x+b(x)h^{2})+u(t-h^{2}, X)$
$=3u(t, x)-h2C(X)u(t, X)$
(2.19) $+h^{4} \{_{\frac{a^{2}(x)}{12}\int^{1}}0(1-\theta)^{3}(\frac{\partial^{4}u}{\partial x^{4}}(t, x+\theta\sqrt{a(x)}h)+\frac{\partial^{4}u}{\partial x^{4}}(t, x-\theta\sqrt{a(x)}h))d\theta$
$+b^{2}(x) \int_{0}^{1}(1-\theta)\frac{\partial^{2}u}{\partial x^{2}}(t, x+\theta b(x)h^{2})d\theta+\int_{0}^{1}(1-\theta)\frac{\partial^{2}u}{\partial l^{2}}(t-\theta h^{2}, x)d\theta\}$
I
23 $u(t, x)$ $C^{4}$ $u(t, x)$
:
$u(t, x)= \frac{1}{6}u(t, x+\sqrt{a(x)}h)+\frac{1}{6}u(t, x-\sqrt{a(x)}h)$
(2.20)









$\geq 0$ in a neighborhood of $0$ in $[0,1]$
$\leq 0$ in a neighborhood of 1 in $[0,1]$




$+ \frac{1}{3}u(t, X+b(X)h^{2})+\frac{1}{3}u(t-h2, X)+\frac{h^{z}}{3}c(X)u(t, x)+O(h^{4}))$
$u(t, x)=(1+ \frac{n^{B}}{3}c(X))(_{\overline{6}}\perp u(t, X+\sqrt{a(x)}h)+_{6}\perp-u(t, x-\sqrt{a(x)}h)$
(3.2)
$+. \frac{1}{3}u(t, x+b(x)h^{2})+\frac{1}{3}u(t-h^{2}, x))+\frac{h^{4}}{9}c^{2}(x)u(t, X)+O(h4)$ .
$|c^{2}(X)|=N^{2}|M’(X)|^{2}$
$(h^{4}/9)C^{2}(X)u(t, X)$ $O(h^{4})$ Y (3.2)
–
$u(t, X)=(1+ \frac{h^{p}}{3}c(X)+\frac{h^{\mathrm{I}}}{9}C2(X))(\frac{\perp}{6}u(t, x+\sqrt{a(x)}h)+u(t, x\overline{6}\perp-\sqrt{a(x)}h)$
(3.3)
$+ \frac{1}{\mathrm{q}}u(t, X+b(X)h^{2})+.\frac{1}{\mathrm{q}}u(t-h2, x))+O(h^{4})$ ;
$\epsilon(x)$




$\frac{1-x}{\sqrt{a(x)}}$ if $1-h^{2}<x<1$ .
(2.6), (3.1), (3.4) $0\leq x\leq 1$




(3.6) $h^{2}\leq x\leq 1-h^{2}$ $\Rightarrow$ $\frac{h^{2}}{4}\leq x\pm\sqrt{a(x)}h\leq 1-\frac{h^{2}}{4}$ .
3.2. $0<h\ll 1$





$\cross(\frac{1}{6,\rceil}f(t, x+\sqrt{a(x)}\epsilon(x))+1\frac{1}{6}f(t, x-\sqrt{a(x)}\epsilon(x\backslash ))$
$+ \frac{\perp}{3}f(t, x+b(x)\epsilon^{2}(x))+\frac{\perp}{3}f(t-\mathcal{E}^{2}(X), X))$ if $t\geq h^{2}$
$f(t, x)$ otherwise.
$Pk(t, X;s, y),$ $k=0,1,2,$ $\cdots$ :
(3.9) $p_{0}(t, x;S, y)=\{$
1 if $(s, y)=(t, X)$
$0$ otherwise,
(3.10) $p_{1}(t, x;s, y)=\{$
$\frac{1}{6}(1+\frac{\epsilon^{2}(_{X)}}{3}\mathrm{c}(x)+\frac{\epsilon^{4}(_{X)}}{9}c^{2}(x))$ if $(s.y)=(t, x\pm\sqrt{a(x)}\epsilon(x))$
$\frac{1}{3}(1+\frac{\epsilon^{2}(_{X)}}{3}c(x)+\frac{\epsilon^{4}(_{X)}}{9}c^{2}(x)\mathrm{I}$ if $(s.y)=(t, x+b(x)\epsilon 2(x))$
$\frac{1}{3}(1+\frac{\epsilon^{2}(_{X)}}{3}c(x)+\frac{\epsilon^{4}(_{X)}}{9}c^{2}(x))$ if $(s.y)=(t-\epsilon^{2}(x), x)$
$0$ otherwise
$pk+1(t, x;s, y)(k\geq 1)$ $D=[0, \infty]\mathrm{x}[0,1]$ $f(t, x)$
(3.11) $\int_{D}f(s, y)pk+1(t, x;ds, dy)=\int_{D}Mf(s, y)pk(t, x;ds, dy)$
$($ $i.e.$ ,




(3.12) $u(t, x)= \int_{D}p_{0}(t, x;dS, dy)u(s, y)$ .
$\epsilon^{4}(x)=O(h^{4})$ (3.3) (3.10)
(3.13) $u(t, x)= \int_{D}p_{1}(t, x;ds, dy)u(s, y)+O(h^{4})$ .
(3.3), (3.11), (3.13)
$u(t, X)= \int_{D}p_{1}(t, x;dS, dy)u(S, y)+o(h^{4})$
(3.14) $= \int_{D}p_{1}(t, X;ds, dy)(Mu(s, y)+O(h^{4}))+O(h^{4})$
$= \int_{D}p_{2}(t, x;ds, dy)u(S, y)+O(h4)2$ .
31. $u(t, x)\in C^{4}(.[0, \infty)\mathrm{X}[0,1])$ $(\mathit{2}, \mathit{1}\mathit{0})$
$k=0,1,2,$ $\cdots$
(3.15) $u(t, x)= \int_{0\leq s\leq}\iota,$ $0\leq y\leq 1p_{k}(i, x;ds, dy)u(S, y)+O(h^{4})k$
$O(h^{4})$ $k$ o
(3.15) $u(s, y),$ $0\leq s<h^{2}$ $\phi(y)$




$u(t, X)= \int_{0\leq s<h^{2}},0\leq y\leq 1p_{k}(t, x;ds, dy)\emptyset(y)+o(h2)$
(3.16)
$+O(1) \sum k_{0}(\frac{1}{3})^{l}(\frac{2}{3})k-l+O(h^{4})k$
$k_{0}$ $2t/h^{2}$ $O(1),$ $O(h^{2})$ $O(h^{4})$
$k$
(3.17) $u(t, x) \sim\int_{0\leq s<h}2,0\leq y\leq 1p_{k}(t, x;d_{S}, dy)\emptyset(y)$ $(k\gg 1, h^{4}k\ll 1)$
125
32 . 3.1
$u(t, X)= \int_{0\leq s<h^{2}},0\leq y\leq 1p_{k}(t, x;dS, dy)\emptyset(y)+o(h2)$
(3.18)
$+ \int_{h^{2}\leq s\leq 1},0\leq y\leq 1pk(t, x;ds, dy)u(_{S}, y)+O(h^{4})k$ .
$p_{k}(t, x;s, y)$ 3.1, 32
$| \int_{h^{2}\leq s\leq 1,0}\leq y\leq 1|pk(i,x;ds,dy)u(s,y)$





$x;d,$ $dy)u(_{S}, y)=q_{1}u(t_{1,1}X)+q2u(t2, x2)+\cdots+q_{n}u(t_{n}, X_{n})$
$((q_{1}t_{1}x_{1})(q_{2}t_{2}x_{2}). . . (q_{n}t_{n}x_{n}))$
– 32
Reduce Program.
procedure hybrid-method ( $\mathrm{t},$ $\mathrm{x}$ , n);
begin;
list-in $:=\{\{1, \mathrm{t}, \mathrm{x}\}\}$ ;
list-tmp $:=$ $\{\}$ ;
while $\mathrm{n}>0$ do
$<<$
while length(list-in) $>0$ do
$<<$
tmp $:=\mathrm{f}$ irst (list-in);
$\mathrm{p}$
$:=\mathrm{f}$ irst ( $\mathrm{t}\mathrm{m}\mathrm{p}^{)}$ ;
$\mathrm{s}$ $:=\mathrm{f}$ irst (rest $(\mathrm{t}\mathrm{m}\mathrm{p}^{)})$ ;
$\mathrm{y}$
$:=\mathrm{f}$ irst (rest (rest $(\mathrm{t}\mathrm{m}\mathrm{p}^{)})$ );
$\mathrm{q}$ $:=(1+\mathrm{h}**2*\mathrm{C}(_{\mathrm{y}^{)}}/3+_{\mathrm{h}4}***_{\mathrm{C}(}\mathrm{y})**2/9)*\mathrm{p}$ ;
126
if domain-p(s) neq $0$ then
$<<$
list-tmp $:=$ cons ( $\{\mathrm{q}/6,$ $\mathrm{s},$ $\mathrm{y}+\mathrm{s}\mathrm{q}\mathrm{r}\mathrm{t}(\mathrm{a}(\mathrm{y}))*\mathrm{h}\}$ , list-tmp);
list-tmp $:=$ cons ( $\{\mathrm{q}/6,$ $\mathrm{s},$ $\mathrm{y}-\mathrm{s}\mathrm{q}\mathrm{r}\mathrm{t}(\mathrm{a}(\mathrm{y}))*\mathrm{h}\}$ , list-tmp);
list-tmp $:=$ cons ( $\{\mathrm{q}/3,$ $\mathrm{s},$ $\mathrm{y}+\mathrm{b}(\mathrm{y})*\mathrm{h}**2\}$ , list-tmp);
list-tmp $:=$ cons ( $\{\mathrm{q}/3,$ $\mathrm{s}-\mathrm{h}**2,$ $\mathrm{y}\}$ , list-tmp)
$>>$
else












$\frac{\partial u}{\partial t}=\frac{1}{4N}\frac{\partial^{2}}{\partial x^{2}}(x(1-x)u)$ $(0<i\leq 4N, 0<x<1)$
$u(0, x)\sim\delta(x-0.5)$ ,
(4.2) $\{$
$\frac{\partial u}{\partial t}=\frac{1}{4N}\frac{\partial^{2}}{\partial x^{2}}(x(1-x)u)$ $(0<t\leq 4N, 0<x<1)$
$u(\mathrm{O}, x)\sim\delta(x-0.1)$ .
(4.1) (4.2) Y Figure 1 Figure 2
$(cf,$ $[2$ ,
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